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a b s t r a c t

Atomic scale local density functional simulations and configurational averaging are used to predict the

energies and lattice parameters associated with mixed calcium/strontium fluorapatites, CaxSr10�x

(PO4)6F2. In particular, the partition of Sr2+ and Ca2+ ions between the 6h and 4f cation sites is

established across the entire compositional range. Lattice parameters and lattice volume are also

analyzed as a function of Ca2+ to Sr2+ concentration and their cation site distribution. The predicted

internal energy of mixing between the end members is used to discuss the available experimental data.

& 2008 Elsevier Inc. All rights reserved.
1. Introduction

1.1. Motivation

Apatite or apatitic isomorphs are perhaps best known as the
most abundant mineral phase in the bone and teeth of vertebrates
[1]. As a consequence, they are used to replace and repair bone [2].
They are, however, also of industrial importance, finding applica-
tions in a range of areas including, for example, catalysis [3].
Furthermore, apatite is the most abundant phosphate mineral [4],
being commonly found in igneous rocks, where the fluorapatite
variant is generally dominant, but it is also observed in some
sedimentary and metamorphic rocks [5]. Given its stability as a
natural mineral, apatite is considered a promising candidate for
radioactive waste immobilization [6].

For all the cases described above, cation substitutions take
place. With waste-form applications in particular, it is clearly
important to understand where the various foreign cation species
are accommodated in the lattice. In this regard, calcium hydro-
xyapatite has been synthesized with cadmium substituted for
calcium [7], uranium has been accommodated in oxy-silicopho-
sphates [8], lead can be incorporated in calcium fluoro-vanadinite
[9], with both strontium and lead being substituted together to
form a strontium-lead fluorapatite solid solution [10]. Here atomic
scale modelling techniques will be used to predict: the energies
ll rights reserved.
associated with Sr2+ accommodation in Ca fluorapatite, Ca2+

accommodation in Sr fluorapatite and the variation in lattice
parameter as a function of the Ca to Sr ratio across the entire
CaxSr10�x(PO4)6F2 solid solution.
1.2. Description of structure

The naturally occurring mineral apatite has the general
formula M10(XO4)6A2 [4]. The most common anionic groups,
A�, found in phosphate apatites are: F�, OH� or Cl�. In this study
we are concerned with the isomorph, fluorapatite, Ca5(PO4)3F,
which is shown in Fig. 1. Fluorapatite is hexagonal, and exhibits
space-group P63/m [1,11]. Experimental lattice parameters for
Ca5(PO4)3F are: a ¼ 9.375 Å and c ¼ 6.887 Å [12].

Fluorapatite consists of regular phosphate tetrahedra around
two symmetry distinct cation sites: 4f and 6h. The 4f:6h ratio is
therefore 2:3. The 4f site is 9-fold coordinated by oxygen ions,
with six shorter Ca–O distances and three longer Ca–O distances.
The 6h site is 7-fold coordinated, with 6 Ca–O bonds from oxygen
atoms associated with phosphate groups and one Ca–F bond with
a fluorine anion located in c-axis channels (see Fig. 1). The fluorine
ions are located at 2a sites within the centres of triangles
composed of 6h cations. A single unit cell contains two formula
units i.e. Ca10(PO4)6F2.

A useful polyhedron can be described by the six closest
O2� ions surrounding the 4f site. This metaprism, initially
described by White et al. [11], distorts or twists as the chemistry
of the apatite changes. The amount of twist is controlled by the
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Fig. 1. The fluorapatite (Ca10(PO4)6F2) crystal structure viewed along [0001]. The

hexagonal primitive unit cell is highlighted by a bold parallelogram, the different

ions are described in the key.
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relative sizes of ions in the c-axis channel. Dong et al. [13]
developed a useful model relating the lattice parameters to the
metaprism twist angle.
1.3. Previous studies concerning Ca2+/Sr2+ distributions

A range of previous experimental work has addressed the
distribution of Sr2+ cations between the 4f and 6h sites [14–25].
Determination of apatite crystal chemistry from literature data
can, however, be problematic for several reasons.

Firstly, discrepancies between chemical analysis and refined
occupancies are indicative that the composition or relative
stoichiometry of apatite is not always easily determined. This is
evident, for example, in previous work by Wilson et al. [14],
concerning calcium deficient hydroxyapatites, where NMR and IR
spectroscopy show HCO2

� ions present in the apatite that were not
interpreted in the XRD analysis. Also, Dong et al. [13], found in
calcium-lead fluoro-vanadinite apatite a reduction in crystallinity
for some compositions and a secondary phase of Ca3(VO4)2.
Misinterpretation could therefore occur if the composition is not
independently verified. In single crystal studies this potential
source of error is obviously less significant than where powder
analysis, such as Rietveld [26], has been undertaken. In other
words, if full structure refinement is not undertaken the
distribution of ions on the different crystallographic sites cannot
necessarily be guaranteed.

Secondly, for full cation order to become apparent, the
structure could require a significantly longer annealing time than
typically allowed for the general structure to equilibrate. Dong
et al. [9] have shown that several weeks were necessary to
stabilize the distribution of cations over the two sites in calcium-
lead fluoro-vanadinite apatite.

Investigating mixed calcium-strontium fluorapatites crystal-
lized from a glass composition of 4.5SiO23Al2O31.5P2O53CaO2
CaF2, Hill et al. [16] ascertained through a combination of
MAS-NMR, Differential Thermal Analysis, X-ray powder diffrac-
tion and neutron diffraction, that 6h sites are more likely to be
occupied by Ca2+ than Sr2+. It was proposed that this is due to the
higher charge size ratio of Ca2+ relative to Sr2+, giving Ca2+

a greater affinity with the F� anion.
Hughes et al. [15] argue that bond valance sums for Ca2+ and

Sr2+ in apatite explain the X-ray diffraction data concerning two
compositions of Ca apatite containing 29% and 63% Sr2+

respectively, for which the majority of Sr2+ was found at 6h. It
was suggested that Sr2+ is over bonded at both sites but less-so at
6h, concluding that Sr2+ would preferentially order at the 6h site.
These findings were later supported by Rakovan et al. [17].
Conversely, Heijligers et al. [18] and Andrés-Vergés et al. [19],
using powder X-ray and IR spectra respectively, concluded that
Sr2+ occupies both sites but the 4f: 6h ratio for Sr2+ varies as a
function of composition.

Lastly, Khattech and Jemal [27] have determined the standard
enthalpy of formation and the enthalpy of mixing of Ca apatite
with Sr apatite. The enthalpy of mixing as a function of Sr to Ca
ratio showed a distinct maximum at approximately 60% Sr. This
was attributed to the preferential substitution of Sr2+ at the
(larger) 6h site (i.e. reflecting the site ratio).

Studies of related apatites also suggest a complex distribution
of cations. For example, Sudarsanan et al. [20,21] carried out XRD
analysis on mixed CaxSr10�x(PO4)6Cl2 finding, at low concentra-
tions of Sr2+, a preference for substitution at 6h, however this
preference decreased with increasing Sr2+ content. Khndolozhin et al.
[22] who considered Sr2+ substituted calcium-hydroxyapatite,
found that 6h sites are preferentially filled up to �10% Sr2+, with
the degree of order decreasing as the percentage of Sr2+ increased.
Another study of Sr2+ substituted calcium-hydroxyapatite by
Kikuchi et al. [23] suggested that Sr2+ substitution occurs
preferentially at the 4f site. However, the opposite conclusion
was made by Bigi et al. [24] who again determined a preference
for Sr2+ substitution at the 6h site. Recently Bigi et al. [25]
extended their original work and provided a more complete
picture for Sr2+ site preference. In particular the found a very
slight preference for Sr2+ occupation of the 4f site in crystals
containing 1.9% Sr, but in samples containing more than 10% Sr,
there was a preference for the 6h site.

Lead-strontium fluorapatites were investigated by Badraoui et
al. [10] using a combination of X-ray powder diffraction, infra red
(IR) analysis and absorption spectophotometry. Reitveld refine-
ment of the occupation factors of Pb2+ and Sr2+ indicate Sr2+ at
both sites but with a preference for 4f. As Sr2+ content increased,
the ‘‘a’’ lattice parameter decreased, as did the proportion of Sr2+

on the 6h site. This followed a similar investigation of lead–
strontium hydroxyapatites, where it was found that Pb2+ pre-
ferentially occupied 6h [28]. Given the similarity in radii of the
two cations, the distribution of the ions over the two sites was
attributed to the relative high electronegativity of Pb2+, which
increases the polarization of the O–H bond.

Despite the number of previous studies that have addressed
the ordering of cations in the apatite structure, conclusions
concerning the site preference of Sr2+ in Ca fluorapatite are not
entirely consistent. As discussed, reasons why this may have
occurred include the necessity for extended cation equilibration
times [9,13], and minor second phase formation [14]. In this study
atomic scale density functional approximation (DFT) simulations
will be used to predict internal energy differences for the
accommodation of Sr2+ at 4f and 6h sites.

Numerous studies based on a computational approach to
studying apatites. In particular, Rabone and de Leeuw studied Sr2+

substitution into Ca fluorapatite and Ca hydroxyapatite using
classical potentials [29]. Other studies focus on the position and
orientation of the common anionic groups along the c-axis
channel in apatites. For example, de Leeuw et al., considered
aspects such as the local ordering of hydroxyl groups and fluoride
ions in hydroxyapatite [30], solid solutions of fluoro-chlorapatites
[31] and carbonate defects in hydroxyapatite [32]. Additionally,
DFT-Local Density Approximation (LDA) studies of the stoichio-
metric structures of oxyapatite, hydroxyapatite, fluorapatite, and
chlorapatite have been carried out by both Calderin et al. [33]
and Rulis et al. [34] who show agreement with experimentally
derived structural parameters. Finally, Mercier et al. [35]
compared crystal-chemical parameters calculated using DFT-
Generalized Gradient Approximation (GGA) with single crystal
refinements of a range of different apatite compositions. These
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previous studies establish atomic scale simulation as useful and
reliable for the study of apatites.
Fig. 2. The unit cell volume of Ca10�xSrx(PO4)6F2 as a function of x. The gradient of

the line through the experimental values is 0.71 Å3/x and that through the

calculated values is 0.77 Å3/x. The black squares were calculated for this study, all

other points are experimental, taken from the literature.
2. Method

2.1. Atomic scale simulations

Following the work by Mercier et al. [35], we choose to employ
quantum mechanically based simulations. The present density
functional simulations (DFT) employed the plane wave code
CASTEP v.4.01 [36] (built using version 9.1 of Intel compilers for a
64 bit�86 Architecture). Calculations were carried out on a unit
cell consisting of 42 ions, under constant pressure conditions.
Consequently both unit cell and atomic position parameters were
allowed to vary allowing cell volumes to be calculated as a
function of composition. The system was modelled at the GGA
level of approximation using the PBE (Perdew et al. [37])
functional, ultrasoft pseudopotentials [38,39] and a 540 eV plane
wave cut-off (following a study of convergence). The Brillouin
zone was sampled on a 2�2�3 Monkhorst-Pack grid [40]. The
energy convergence tolerance was 2�10�5 eV/ion, and the
electrical energy convergence tolerance of the SCF (self consistant
field) cycles was 1�10�6 eV/ion.

2.2. Selection of configurations

A full geometry optimization of a single unit cell of apatite
was carried out, where one Ca2+ ion located at the 4f site was
replaced with a Sr2+, corresponding to a composition of Ca9Sr
(PO4)6F2. This was repeated but now replacing a 6h Ca2+ ion.
Similarly for Sr9Ca(PO4)6F2, one 4f ion was replaced with a Ca2+

and subsequently a 6h ion was replaced by a Ca2+ ion. In each case,
given the ‘‘defect’’ concentration of 10% and a single unit
cell, there is only one possible cation distribution (configuration)
in each case.

Where there is more than one substitution in the unit cell, the
number of possible configurations increases dramatically. For 20%
Sr2+ in a single cell, (i.e. Ca8Sr2(PO4)6F2), the two Sr2+ ions can be
accommodated on either 4f or 6h sites exclusively, or one on each
site. However, given that there are four, 4f and six, 6h sites there
are a number of ways in which the two Sr2+ ions can be
accommodated even if both are, for example, on 4f sites. The
total number of symmetry distinct configurations for Ca8Sr2

(PO4)6F2 is 24. At this concentration of 20% Sr2+ all 24 configura-
tions were calculated and categorized as either ‘‘4f’’, ‘‘6h’’ or
‘‘mixed’’. Of course, Sr8Ca2(PO4)6F2 also has 24 symmetry distinct
configurations. Therefore at 80% Sr2+ all 24 configurations were
calculated and again categorized as ‘‘4f’’, ‘‘6h’’ or ‘‘mixed’’.

Calculations were also carried out at 30%, 40%, 50%, 60% and
70%. In each case all possible symmetry distinct configurations
were identified and calculated: at 30% and 70% 63 configurations,
at 40% and 60% 121 configurations and at 50% 149 configurations.

2.3. Configurationally averaged property values

Given the large number of configurations calculated, it is useful
to generate property values that are a statistical thermodynamic
average over the configurations at each composition [41,42]. If
configuration i has property value Pi (here these will include
lattice parameters, unit cell volumes and lattice energy), then the
configurational average is given by,

Pi ¼

P
iniPie

�DEi=kTP
inie�DEi=kT

(1)
where DEi is the difference between the energy of configuration
i and the energy of the most stable configuration, k is Boltzmann’s
constant, T is the temperature over which the average is taken
(here T 873 K [43]) and ni is the number of configurations with the
same symmetry that can be generated in the unit cell.
3. Results and discussion

3.1. Lattice volumes

The simulations predict lattice volumes, lattice parameters and
lattice energies of unit cells that represent solid solutions between
Ca10(PO4)6F2 and Sr10(PO4)6F2 with composition Ca10�xSrx(PO4)6F2

where 0pxp1. Fig. 2 shows lattice volumes (configurationally
averaged) and compares these to available experimental data
[11,15,17,44,45] Although the values predicted are a little higher
than experiment, they are consistently higher so that the increase
in lattice volume with increasing Sr content (i.e. x value) is very
well reproduced (as evidenced by the slopes: see Fig. 2).
Furthermore, it is apparent that the lattice volumes of the solid
solution members fall on an essentially straight line between the
two end member compositions. Thus, there is no excess lattice
volume associated with solid solution formation.

3.2. Internal energy of mixing

The configurationally averaged solid solution lattice energies
are used to predict the internal energy to form the solid solution
(i.e. DEsol, the excess energy) from the end member compositions
according to the expression;

DEsol ¼ DEðCa10�xSrxðPO4Þ6F2Þ �
10� x

10

� �
DE

ðCa10ðPO4ÞF2Þ �
x

10

n o
DEðSr10ðPO4Þ6F2 (2)

where for example, DE(Ca10(PO4)6F2) is the lattice energy of the
calcium fluorapatite end member. Fig. 3 shows these calculated
internal excess energies of formation as a function of x (for both
individual configurations and configurationally averaged values)
and compares them to the experimental excess enthalpy of
formation data of Khattech and Jemal [27] (as did Rabone and de
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Fig. 3. Comparison of calculated internal energy of solution with experimental

enthalpy of solution values (Khattech and Jemal [27]) as a function of Sr2+

concentration, defined by x in Ca10�xSrx(PO4)6F2. All possible configurations, that

are possible within a single unit cell, were calculated and configurationally

averaged values generated.

Table 1

The internal energy of solution, DEsol, for all possible configurations of

Ca8Sr2(PO4)6F2

Percentage of 6h

sites that are

occupied by Sr2+

Percentage of 4f

sites that are

occupied by Sr2+

No. of each

configuration

possible (n)

DEsol

(kJ mol�1)

0.00 50.00 2 30.71

33.33 0.00 2 27.10

33.33 0.00 2 26.96

33.33 0.00 2 25.05

33.33 0.00 2 24.84

33.33 0.00 1 24.78

33.33 0.00 2 24.78

16.67 25.00 2 24.58

16.67 25.00 2 24.35

16.67 25.00 2 24.20

16.67 25.00 2 24.15

16.67 25.00 1 24.13

16.67 25.00 2 24.08

16.67 25.00 1 24.03

16.67 25.00 2 23.73

16.67 25.00 2 23.68

16.67 25.00 2 23.61

16.67 25.00 2 23.57

16.67 25.00 2 23.26

0.00 50.00 2 20.42

0.00 50.00 2 20.20

33.33 0.00 2 16.53

33.33 0.00 2 16.45

33.33 0.00 2 16.23

Configurationally averaged no. of Sr2+ at each site (873 K)

6h 4f

Ca8Sr2(PO4)6F2 1.34 0.66
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Leeuw [29]). Strictly, in order to compare the calculated internal
solid solution formation energies with enthalpies, the change in
pressure volume term (PV) also needs to be calculated. Fortu-
nately, in this case the change in the PV term is negligible as the
excess lattice volume upon solid solution formation is almost zero
(as shown by Fig. 2). A second approximation is that the internal
energies were calculated at zero temperature whereas the
experimental enthalpies were determined at a finite temperature
of 298 K. Although some change in enthalpy is expected as a
function of temperature, again the fact that we are considering
differences in enthalpy means the influence of temperature
should be small.

Considering the detailed predicted variation in internal energy
of solution (configurationally averaged results, depicted as
crosses) across the solid solution (in Fig. 3), it is apparent that it
has generated an asymmetric curve, peaking close to a concentra-
tion of 60% Sr2+ (recall that the 4f:6h site ratio is 60:40).
Furthermore, predicted values at 30%, 60% and 80% match
previous experimental results [27] very closely. However,
although experimental results also describe an asymmetrical
solution enthalpy curve it has an obvious deviation at 60%, where
the peak maximum, might be expected. The DFT simulations,
however, do not predict such a local deviation from the energy
maximum. There are two possibilities. It may be that, the
experimental values at 40%, 50% and 70% may be a little high so
that the value reported at 60% (which agrees with the DFT
prediction) is correct. Alternatively, it is the experimental data
point at 60% may not correspond to a single solid solution but to a
two phase mixture. That is, a miscibility gap may be opening up
around 60% Sr content. Clearly further experimental work is
necessary to investigate this possibility further.

Now consider the specific concentrations that relate to 10% Sr
content i.e. Ca9Sr(PO4)6F2 and 90% Sr content i.e. CaSr9(PO4)6F2.
First, at 10% the difference in excess internal energy of solution
between the two possible configurations is 0.007 eV: this is the
energy to swap the Sr2+ ion between 4f and 6h sites. It indicates
that there is negligible preference for substituting on either site
(by negligible we mean the energy difference is considerably less
than the configurational entropy of mixing at typical synthesis
temperatures (873 K [43]) where for a single unit cell this energy
would be �0.188 eV). For Sr9Ca(PO4)6F2 the difference in energy
between substituting Ca2+ on 4f to substitution on 6h is 0.054 eV.
Although this energy difference is much larger than for Ca9Sr
(PO4)6F2, it is still not large enough to result in a strong preference
to occupy either site. The configurationally averaged values for the
proportion of 6h sites occupied by Sr2+ (the occupancies) are 0.581
at the 10% concentration (x ¼ 1) and 5.562 at 90% concentration
(x ¼ 9). Two configurations is clearly a rather small number for
such an analysis but at such a low concentration, the minority
cations (i.e. Sr2+ at x ¼ 1 or Ca2+ at x ¼ 9) will be well separated
and as such these two configurations are representative.

Table 1 reports the internal energies of solution corresponding
to all 24 possible configurations of Ca8Sr2(PO4)6F2. These volumes
are also reported on Fig. 3, depicted as open circles. The
configuration with the lowest internal energy (i.e. the most
stable) has both Sr2+ ions located on 6h sites: this corresponds to a
6h site occupancy of 0.33. The configurationally averaged number
of Sr2+ ions occupying 6h sites (see Table 1) is 1.32 (the remaining
0.68 occupy 4f sites): this corresponds to an occupancy of 0.22.
Both the lowest energy configuration and configurational average
occupancy values, at this Sr concentration, are reported in Fig. 4.
Clearly configurational averaging can yield a significantly different
occupancy number than does simply assuming the configuration
with the lowest energy or taking a simple mean. Significant
differences between the lowest energy configuration and the
averaged configuration has been identified in other systems
[42,46].

The preference for 6h sites to be occupied by Sr2+ ions is
increasingly evident as the Sr content increases. For Ca7Sr3

(PO4)6F2, the configurationally averaged number of Sr2+ ions
occupying 6h sites is calculated to be 1.78 so that the occupancy is
now 0.30. However, the configuration with the lowest energy is
that in which two 6h sites are occupied by Sr2+ ions, with the third
Sr2+ ion occupying a 4f site (this is the open circle with lowest
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Fig. 4. Occupancy of 6h sites by Sr2+ ions as a function of composition (x in

Ca10�xSrx(PO4)6F2). Fig. 5. Change in the ‘‘c’’ lattice parameter as function of Sr2+ concentration,

defined by x in Ca10�xSrx(PO4)6F2.

Fig. 6. Change in the ‘‘a’’ lattice parameter as a function of Sr2+ concentration,

defined by x in Ca10�xSrx(PO4)6F2.
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energy at 30% Sr2+ shown in Fig. 3). In this case, therefore,
configurational averaging yields a rather similar occupancy value
to that of the lowest energy configuration.

Results for all other compositions are shown in Fig. 3. The
averaged occupancy values, along with the others described
above, are reported as a function of composition (x in Ca10�xSrx

(PO4)6F2) in Fig. 4. The graph also shows the number of Sr2+ ions
on 6h sites of the lowest energy configuration at each Sr
concentration value investigated (corresponding to the lowest
open circles in Fig. 3). Furthermore, the graph displays a dashed
line that assumes a completely random distribution of Sr2+ ions
across 6h and 4f sites (i.e. a straight line between the end points).
This shows that, at 10% Sr2+ ion concentration the distribution is
very close to the fully random distribution with only a slight
preference for more Sr2+ ions towards 6h sites. However, because
there are more 6h sites than 4f sites, this means that more Sr2+

ions occupy 6h sites than 4f sites. The lack of strong preference for
a specific Sr2+ ion to occupy a 6h site rather than a 4f site is
therefore in agreement with the experimental observation that
Sr2+ ions are more likely to be observed at 6h sites in fluorapatite
[15–17,27], but also in the chloroapatite [20,21] and hydroxyapa-
tite analogues [24,25]. At higher Sr2+ concentrations there is a
stronger preference for a given Sr2+ ion to occupy a 6h site and so
the predictions at 70–90% Sr concentration are further above the
random distribution line. Consequently, there will be an even
greater propensity for Sr2+ ions to occupy 6h sites.

Of course, there are only certain occupancy values that are
possible at a given Sr concentration. Finally, therefore, Fig. 4
also shows the envelope of possible occupancy values: the
upper boundary corresponding to when Sr2+ ions occupy only
6h sites until all six are filled, the lower boundary a complete
preference for Sr2+ ions to initially occupy only 4f sites until all
four are filled.
3.3. Influence of cation configuration on lattice parameters

As discussed previously, it can be difficult to unambiguously
assign cation distributions through the analysis of diffraction data.
In much the same way, given the relatively restricted number of
cation configurations (in a single unit cell) and the small energy
differences between them, predicting cation distributions from
internal energies is also challenging. Consequently, we have
analyzed the changes in ‘‘a’’ and ‘‘c’’ lattice parameters as a
function of increasing Sr2+ content as such data may be more
routinely measured experimentally.

Fig. 5 shows the variation of the c lattice parameter with Sr2+

content and Fig. 6 details results for a. Both figures focus on how
differently the lattice parameters change if Sr2+ content is
confined to either 4f or 6h sites. For example, Fig. 5 shows that
initially occupying 4f sites leads to a greater increase in the c

lattice parameter than if 6h is exclusively occupied. Of course,
once the percentage of Sr2+ proceeds beyond 40%, even if 4f sites
were exclusively occupied by Sr2+, the available 4f sites would be
filled and it is inevitable that 6h sites begin to be occupied.
Consequently, the rate of increase decreases. Equivalently, if 6h

sites are initially exclusively occupied, beyond 60% 4f sites must
become occupied. Of course, the two regimes eventually meet at
100% Sr2+. This defines an envelope of possible lattice parameter
values.
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The change in ‘‘a’’ lattice parameter with Sr2+ occupation of 4f

vs. 6h sites is opposite to that predicted for the ‘‘c’’ lattice
parameter (Fig. 5), as illustrated in Fig. 6. That is, up to
approximately 40% Sr2+ occupation of 6h distorts the ‘‘a’’ lattice
parameter more greatly than does occupation of 4f. Incredibly,
these non-linear differences in a and c lattice parameter with
configuration cancel almost entirely to yield a volume dependence
that is not only independent of configuration but a linear function
of Sr2+ ion content (see Fig. 2).

Differences in lattice parameters assuming, initially exclusive
6h or exclusive 4f occupation are sufficiently great that they could
be observed experimentally. However, the distribution of Sr2+ ions
over the two sites, predicted using configurational averaging are
close to a random distribution and consequently we predict that,
in practice, a close to linear change in ‘‘a’’ and ‘‘c’’ lattice
parameter will be observed. This is shown in Figs. 5 and 6 as
configurational averages. Significantly, a linear relationship was
found by Bigi et al. [25] for calcium/strontium hydroxyapatites.
Thus, one way to test the present predicted site occupation model
would be to search for deviations from linear change in the ‘‘a’’
and ‘‘c’’ lattice parameters as a function of strontium content.

Finally, preference for Sr2+ ions to occupy 6h sites has
previously been ascribed to the idea that the 4f is geometrically
smaller than 6h [1,47] and that the Sr2+ ion is larger than Ca2+ [48].
However, the present prediction that the increase in volume due
to Sr2+ ion accommodation is identical for both sites is not
consistent with such a view. In fact, it is probably the change in
coordination from 6h to 4f that compensates for any difference in
volume between the sites, so that the strains due to Sr2+ ions at 6h

and 4f sites are essentially the same. Similarly, discussions of bond
valance sums for Ca2+ ions [47] suggest the values are 2.17 and
2.08 for 4f and 6h respectively, showing that the sites are ‘‘over
bonded’’ (a term commonly used to indicate that the bond valance
sum is greater than the formal charge of the ion [49]), 6h less so
than 4f. Being a larger ion, Sr2+ ions on these sites would be even
more over bonded with 4f and 6h bond valance sum of 3.14 and
3.07 respectively. This was a reason previously given for the
preferential substitution of Sr2+ ions at 6h sites [15]. Comparing,
however, the bond valance sums for 4f and 6h sites in the
Ca9Sr(PO4)6F2, where the ions surrounding 6h and 4f sites
occupied by Sr2+ ions have been allowed to relax to zero force
(i.e. using the present predicted values), the difference between
the sums becomes negligible; the values for 4f and 6h being 2.87
and 2.88 respectively (which are, of course, consistent with there
being little site preference at this Sr2+ concentration).
4. Summary

At low Sr2+ ion concentrations there is only a slight energetic
preference predicted for a Sr2+ ion to occupy a 6h site rather than a
4f site. Consequently the distribution of Sr2+ ions over the 6h and
4f sites approaches a random distribution. Since there are more 6h

sites than 4f, this means that the majority of Sr2+ ions occupy 6h

sites. As the Sr2+ ion concentration increases, there is a greater
energetic preference for an individual Sr2+ ion to occupy a 6h

rather than a 4f site and this translates into a greater overall
preference for Sr2+ ions to be observed at 6h sites. This preference
for Sr2+ ions to be located at 6h sites is in agreement with the
majority of experimental studies [15–17,20,21,24,25,27]. The
calculated internal energies for solution predicts an asymmetric
curve across the compositional spectrum, similar to that observed
experimentally [26] but without agreement at every composition.

We predict that a strong preference for Sr2+ ions to occupy 6h

sites, will result in a nonlinear increase in the ‘‘a’’ lattice
parameter but an opposite nonlinear increase in the ‘‘c’’ lattice
parameter. Consequently there is an overall linear increase in
volume upon Sr2+ substitution irrespective of the Sr2+ ion
distribution. However, the predicted configurational average
occupation values leads to a distribution of Sr2+ ions over 6h

and 4f sites which is sufficiently close to random that an
essentially linear change in lattice parameters is expected.
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